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ABSTRACT
We generalize previous calculations to a fully relativistic treatment of
adiabatic oscillations which are trapped in the inner regions of accretion
disks by non-Newtonian gravitational eects of a black hole. We employ the
Kerr geometry within the scalar potential formalism of Ipser and Lindblom,
neglecting the gravitational eld of the disk. This approach treats perturbations
of arbitrary stationary, axisymmetric, perfect fluid models. It is applied
here to thin accretion disks. Approximate analytic eigenfunctions and
eigenfrequencies are obtained for the most robust and observable class of modes,
which corresponds roughly to the gravity (internal) oscillations of stars. The
dependence of the oscillation frequencies on the mass and angular momentum
of the black hole is exhibited. These trapped modes do not exist in Newtonian
gravity, and thus provide a signature and probe of the strong-eld structure of
black holes. Our predictions are relevant to observations which could detect
modulation of the X-ray luminosity from stellar mass black holes in our galaxy
and the UV and optical luminosity from supermassive black holes in active
galactic nuclei.
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1. INTRODUCTION
Our group has been investigating consequences of the realization [originally by Kato &
Fukue (1980)] that general relativity (or similar relativistic theories of gravitation) can trap
normal modes of oscillation in the regions of accretion disks near black holes (or weakly
magnetized neutron stars). Since no such trapped modes exist in Newtonian gravity, they
provide a signature for the existence of strong gravitational elds. The frequencies of these
modes serve as probes of the structure of the eld as well as the physical conditions within
the accretion disk.
Using a modied Newtonian potential, adiabatic eigenfunctions and eigenvalues of the
lowest acoustic (p) modes (Nowak & Wagoner 1991, hereafter NW1) and internal gravity
(g) modes (Nowak & Wagoner 1992, hereafter NW2) have been calculated. Their rates
of growth or damping due to anisotropic (turbulent) viscosity and gravitational radiation
reaction were also determined (NW2). Finally, the amplitude and coherence time of the
oscillations, and the resulting fractional modulation of the spectral luminosity of the disk,
have been estimated (Nowak & Wagoner 1993, hereafter NW3). Although this modulation
appears to be at most a few percent, we feel that the potential payo certainly justies
dedicated monitoring of a variety of supermassive black hole (AGN) candidates as well as
the appropriate binary X-ray sources in our galaxy.
In this paper we begin to reanalyze such modes of oscillation in terms of perturbations
of the general relativistic equations of motion of perfect fluids within the Kerr metric. Ipser
& Lindblom (1992, hereafter IL) have developed an elegant formalism to analyze small
adiabatic pulsations of relativistic perfect fluids which in equilibrium are in pure rotation
in stationary and axisymmetric spacetimes. We apply this formalism to a thin accretion
disk around a Kerr black hole. In this case, the Cowling approximation of negligible self-
gravitational eects of the disk should be valid. All perturbed quantities can then be
obtained from a scalar potential governed by a single linear two-dimensional second-order
partial dierential equation. With the appropriate boundary conditions, this equation
yields trapped modes with discrete spectra which in combination can determine the black
hole mass M and dimensionless angular momentum parameter a = cJ=GM2.
We then focus on the analogs of the gravity modes that exist within stars. They
should be the most observable trapped modes since they occupy the largest area of the
disk, including its maximum temperature. Approximate expressions for their eigenfunctions
and eigenfrequencies are obtained, and explicit results are presented for the case of small
buoyancy frequency.
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2. PERTURBATIONS OF BLACK HOLE ACCRETION DISKS
2.1. General Relations Within Thin Disks
Unless otherwise indicated, we will adopt the conventions and notation of IL (such as
gravitational units: G = c = 1). In addition, all lengths and times are made dimensionless
by expressing them in units of the black hole mass M . The matter within the accretion
disk is assumed to be represented by a perfect-fluid stress-energy tensor:
T ab = uaub + pqab ; (2-1)
where  is the mass-energy density, p is the pressure, ua is the four-velocity of the fluid
(with uaua = −1), and the operator qab = gab + uaub projects components perpendicular
to ua. In the neighborhood of the equatorial plane z = 0, we use the Novikov and Thorne













































  r2 − 2r + a2 ; A  r4 + r2a2 + 2ra2 ; ~!  2ar=A ; (2-4)
where corrections of order (z=r)2 are neglected (but not later, in the vertical equations of
motion). Note that kgabk = −r2 and gtt = −g = −1 + 2=r.
We further assume that juzj  jurj  jruj within the stationary and axisymmetric
unperturbed disk, in which the properties of the fluid are also symmetric about the
equatorial plane. The fluid particles are thus travelling in approximately circular orbits
(assumed in corotation with the black hole) with four-velocity
ua = (ta + Ω’a) : (2-5)
With xa = ft; r; ; zg, the Killing vector components are simply ta = (1; 0; 0; 0) and
’a = (0; 0; 1; 0). Within the unperturbed disk the Euler equation, in the form qacrbT bc = 0,
becomes
ubrbua = −(ra)= + ’
bubraΩ = −(rap)= ; (2-6)
where ra is the covariant derivative. We have set  + p   since the speed of sound
cs  hΩ rΩ < c = 1, where h(r) is the eective half-thickness of the disk.
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The functions  (equivalent to the function γ employed by IL) and Ω (the angular









since the disk is assumed thin. Away from the inner edge of thin, and even slim (Abramowicz
et al. 1988) disks, the eects of the actual radial velocity and radial pressure gradient on
our eigenmodes will be small (NW3).
Next, we consider the linearized equations for the Eulerian (at a xed point in
spacetime) perturbations , p( ), and ua. We obtain these by perturbing the two
projections of the energy-momentum conservation equation, the law of energy conservation
ubraT
ab = 0 ) 0 = uara+ u^
ara+ rau^
a ; (2-8)
and the Euler equation of motion
qacrbT




a + qabrbp ; (2-9)
where u^a = qab u
b and uaua = 0.
We impose the adiabatic condition that the perturbations preserve the entropy per
baryon (s). This condition implies the following relationship between Lagrangian variations
(associated with a given element of fluid) in the pressure and the density:
p = (Γp=) : (2-10)
Although IL generalized Γ to be an arbitrary stationary and axisymmetric function in the
equilibrium fluid, for these adiabatic perturbations Γ = (=p)(@p=@)s = (=p)c2s . Under
most conditions (gas or radiation pressure dominance), the equation of state will be of the
form p = K(s)Γ, so we shall take the adiabatic index Γ (denoted γ by NW1{3) to be at
most a slowly varying function of r.
One can relate the Lagrangian and Eulerian variations via the Lagrangian displacement
vector a, giving p = p + arap and  =  + ara. The negative Lie derivative
of the unperturbed velocity gives its Eulerian perturbation (Friedman & Schutz 1978):
u^a = qab (u
crcb − crcub). The previous equation implies a gauge freedom in a,
corresponding to the addition to a of any function parallel to ua (Schutz & Sorkin 1977).
We choose aua = 0 to x the gauge.
From now on, we shall work with the azimuthal and temporal Fourier components
of all quantities such as the displacement vector a ! a(r; z) exp[i(m + t)]. We also
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employ the corotating frequency !(r) =  +mΩ(r). (Note that IL exchange the denitions
of ! and ; we employ those of NW1{3.) This Fourier decomposition provides us with an
algebraic relationship between a and u^a:





With p   as usual, the scalar potential employed by IL becomes U  p=, the
specic adiabatic Eulerian perturbation of the enthalpy. However, we will also nd it
convenient to use their rescaled potential
V  U=(!) = p=(!) : (2-12)


















= −1raA ; (2-14)
where the nal equality is valid if Γ is constant, with A  ln(=p1=Γ)+ constant. Note [from
equation (2-10)] that Aa vanishes for any barotropic equation of state p = p().
Since the accretion disks that we shall consider are thin, vertical gradients of
equilibrium quantities (such as pressure) are typically much greater than their radial




Radial perturbations of the circular orbits of free particles (corresponding to a
zero-pressure, innitesimally thin disk) oscillate at the epicyclic frequency  given by
















where !a (not to be confused with the corotating frequency !) and Ωa are the vorticity and
angular velocity vectors (IL). Similarly, vertical perturbations of free particle circular orbits













The frequency Ω? also appears in the equation of vertical hydrostatic equilibrium (Kato
1993):
@p=@z = −2Ω2?z ; (2-18)
and therefore in our denition of disk half-thickness h(r):
p(r; 0)=(r; 0)  (hΩ?)
2 : (2-19)
We note that equation (2-18) is incorrect in Novikov & Thorne (1973), as also pointed out




from equations (2-14) and (2-15).
These frequencies (, Ω?, and Nz) play the key role in determining the modes of
oscillation of the disk. In Figure 1, we show the radial dependence of the free-particle
orbital frequencies Ω, , and Ω?, for three values of the angular momentum parameter
a. Thorne (1974) has shown that a black hole can be spun up by accretion to a value of
a = 0:998, only slightly less than its absolute limit of unity.
The equations which govern the perturbations of the disk simplify considerably if the
perturbations of the gravitational eld are negligible (Cowling approximation), as is true
for thin accretion disks. Using the perturbed equation of motion (2-9), IL are then able
to algebraically relate the Eulerian perturbations ua, , and p to U and its covariant
derivative. Using the perturbed equation of energy conservation (2-8), IL then obtain a
two-dimensional partial dierential ‘master’ equation [their equation (39)] which governs





+ ()1=2!V = 0 ; (2-21)
where D ( = r; z) is the covariant derivative associated with the metric g of the plane
orthogonal to the Killing vectors. We nd (from the expressions in IL) that
Hrr = grr!2(!2 − 2)−1 ; Hzz = !2(!2 −N2z )
−1 ; (2-22)
and Hrz is negligible. In addition, we obtain
 = !c−2s − 
3(!)−1HzzA2z +rz[
2(!)−1HzzAz] : (2-23)
We have restricted consideration to low azimuthal modes: jmj  r=h. The reduction of
the function  to the above form also depends upon the assumption that the corotating
eigenfrequency ! lies in the range h=r j!j=Ω (r=h)r.
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2.2. Radial-WKB Approximation and Separation of Variables
IL applied their potential formalism to two problems: general adiabatic perturbations
of nonrotating stars and barotropic perturbations of rigidly rotating stars. As in NW2,3, we
shall apply it to thin disk perturbations whose radial wavelength (r; z)  2jV=(@V=@r)j
is much less than r, the scale of radial variation of equilibrium properties of the disk. This
turns out to be a good approximation, and it was also found in NW1{3 that   h(r) for
most of the lowest modes studied. Therefore, we work to lowest nontrivial order in the




































V = 0 :
(2-24)
We have also allowed for rapid variations near the radial corotation resonance at !2 = 2.
In the quasi-Newtonian limit, NW2 neglected the terms involving @(!2 − N2z )=@z in their
corresponding equation (2.4).
In order to express Lagrangian perturbations such as the boundary condition



























where utut = −2[1− (2=r)(1 − aΩ)].
As in previous work (NW2,3), equation (2-24) is separable in r and   z=h(r) to
lowest WKB order, if we assume that c2s(r; z)  c
2
s(r; 0)g(r; ) is a slowly-varying function
of r. We note, from our denition (2-19) of h(r), that c2s(r; 0) = Γ(hΩ?)
2. In order to
bring the radial separated equation to a familiar form [cf. short wavelength perturbations










The redened separation function Ψ(r) was denoted Γ(r) by NW2,3. So now we set
















































V = 0 ; (2-28)




















Equations (2-27) and (2-28) agree with equations (2.3a) and (2.3b) of NW3 in the
quasi-Newtonian limit, except for the term proportional to d(!2 − 2)=dr missing in NW3.
2.3. Boundary Conditions
We shall take the top and bottom surfaces of the disk [ = 0(r)] to be dened by
the vanishing of the equilibrium pressure p. The boundary condition on the perturbations
there is taken to be the usual one: 0 = p = p+ zrzp. Using equations (2-12), (2-18),






B(V )! 0 ( as  !0) ; (2-30)
where B(V )  !2V − @V=@.
We shall also make the physically plausible assumption that the buoyancy frequency
Nz is nite [vanishing on the midplane according to equation (2-20], and remains so as
p! 0 at the boundary. It then follows that @A=@, and therefore also A and @2A=@2, are
nite. From hydrostatic equilibrium, we then obtain limiting expressions for the following
unperturbed functions:
p  f(r)(0 − )
Γ








0( − 0) (2-31)
as  !0.
With this behavior near the boundary, the vertical separated equation (2-28) assumes
the form @2V=@2 + B(V)=(Γg) ! 0. However, the boundary condition (2-30) is satised
if B(V) vanishes, while the stronger condition that p=p be nite requires that B(V)=g
remains nite at the boundary. These conditions thus translate into the basic requirement
that @2V=@2 be nite at the boundary. Since the boundary is a singular point of the
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rst kind for equation (2-28)(see also section 3.3), it can be shown that one of the two
independent solutions of this equation is regular at  = 0, with equivalently V being
nite there.
It is then seen from equations (2-28) and (2-29) that in order that these regular
solutions remain nite through the disk, we must require that N2z remain less than !
2 to
avoid the ‘buoyancy resonance’ in R.
3. G-MODE ANALYSIS: EIGENFUNCTIONS
We are now in a position to attempt to obtain analytical estimates of properties of the
relativistically trapped modes of oscillation of the disk. We will concentrate on the analog
of the gravity (g){modes, since they are much less sensitive to the poorly known physical
conditions at the inner (and outer) radial boundary of the disk. In addition, they occupy
the largest area of the disk. The pressure (p){modes and (m = 1) corrugation modes
occupy a narrow region bounded by the inner edge of the disk (NW2,3; Perez 1993; Kato
1990; Ipser 1994).
The g{modes are found to exist for values of the separation function Ψ which satisfy
Ψ > !2 [ !  !=Ω? ] ; (3-1)
corresponding to 2 − !2 > 0 from equation (2-27). Relativistic gravity forces the radial
epicyclic frequency  to reach a maximum m at a radius rm which is somewhat greater
than that of the inner edge of the disk r = ri, near the innermost stable circular orbit.
Therefore we can require that these modes become eectively evanescent at r < r1(!) < rm
and r > r2(!) > rm, where r1 and r2 are the places where  = !.
Thus for this class of modes, their corotating eigenfrequencies are bounded by the
conditions
maxfN2z g < !
2 < 2m [ !(r) =  +mΩ(r) ] : (3-2)
The rst inequality follows from the buoyancy resonance avoidance discussed at the end
of the previous section. The maximum refers to the behavior of N2z as a function of z (for
each value of r), typically expected to be reached at the boundary of the disk.
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3.1. Radial WKB Solutions
Within our radial WKB approximation, the radial separated equation (2-27) can be
written in the form of the Schro¨dinger equation
d2W=dr2 + (2 − !2)W = 0 ; (3-3)
where W  (2 − !2)−1dVr=dr and   2[(Ψ=!2) − 1]. From equations (2-25), we see
that the displacement components r / W and z / Vr = −−1dW=dr. In the vicinity
of r = r( = 1; 2), we have (2 − !2) = 2!0(r − r) if r is not close to rm. (We
will treat that case later.) Here the various quantities Q  Q(r) and 0  d( − !)=dr.
[Recall that ! = !(r) is a constant only if m = 0.]
Near r2, we introduce the coordinate x+ = q2(r − r2), q2  (2!j0j)
1=3
2 . This
transforms equation (3-3) in the vicinity of r2 into the Airy equation d2W=dx2+ − x+W = 0.
Its solution which exponentially decays for r > r2 is




+ =3) ; (3-4)
where K(X) [and I(X)] are the modied Bessel functions of imaginary argument. For
q2(r2 − r) 1, this has the asymptotic form
W / (r2 − r)
−1=4 cos[(2=3)q
3=2
2 (r2 − r)
3=2 − =4] : (3-5)
Near r1, the governing equation is the same with x+ replaced by x− = q1(r1 − r),
q1  (2!j0j)
1=3
1 . However, because the inner edge of the disk (at ri) is not far from r1, we




− =3) + I1=3(2x
3=2
− =3)] ;
so that in the vicinity of r1
W / Ai(x−) + Bi(x−) : (3-6)
The mixing coecient  of the part that grows exponentially for r well inside r1 is
determined from the boundary condition at ri.
The asymptotic forms of this solution are
W / (r − r1)
−1=4 cos[(2=3)q3=21 (r − r1)
3=2 + (=4)− arctan(1=2)] (3-7)
for q1(r − r1) 1, and
W / (r1 − r)
−1=4fexp[−(2=3)q3=21 (r1 − r)
3=2] + 2 exp[+(2=3)q3=21 (r1 − r)
3=2]g (3-8)
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for q1(r1− r) 1. Away from r1 and r2, we may employ the standard WKB approximation,
which takes the form
W / [(2 − !2)]−1=4 cos
Z r
r1
[(2 − !2)]1=2dr0 + 0

(3-9)
well within the interval fr1; r2g, and
W / [(!2 − 2)]−1=4 cosh
Z r
ri
[(!2 − 2)]1=2dr0 + 3

(3-10)
well inside r1. The phases k should not be confused with the function  given by equation




[(!2 − 2)]1=2dr ; 2 
Z r2
r1
[(2 − !2)]1=2dr :
We now match these WKB solutions to the appropriate asymptotic forms of our local
solutions.
The rst overlap region exists at values of r slightly less than r1, but such that
(r1 − r) 1=q1. We rst note that the WKB expression (3-10) assumes the form
W / (r1 − r)
−1=4 cosh[(2=3)q3=21 (r1 − r)
3=2 + 1 + 3]
as r ! r1 from below. Comparing this with equation (3-8), we see that these solutions
match if




The second overlap region exists at values of r slightly greater than r1, but such that
(r − r1) 1=q1. There the WKB expression (3-9) assumes the form
W / (r − r1)
−1=4 cos[(2=3)q3=21 (r − r1)
3=2 + 0]
as r ! r1 from above. Comparing this with formula (3-7), we see that these solutions
match if
0 = (=4)− arctan(1=2) + n1 ; (3-12)
where n1 is an integer. The nal overlap region exists at values of r slightly less than r2,
but such that (r2 − r) 1=q2. There the WKB expression (3-9) assumes the form
W / (r2 − r)
−1=4 cos[(2=3)q
3=2
2 (r2 − r)
3=2 + 0 + 2]
as r ! r2 from below. Comparing this with formula (3-5), we see that these solutions
match if
0 + 2 = −(=4) + n2 ; (3-13)
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where n2 is another integer.
Combining equations (3-11), (3-12), and (3-13) then gives us our rst fundamental
WKB relation between the eigenfrequency  = !(r) −mΩ(r) and the separation function
Ψ(r): 2 − arctanfexp[−2(1 + 3)]g = (n+ 1=2), where n is also an integer. Although
1 and 2 are equal to positive denite integrals of known functions of the unperturbed
disk, 3 is related to the still unspecied mixing coecient  by relation (3-11).
Note that on the midplane z = 0, p = p + r@p=@r. Assuming that the rst term
dominates, requiring that p=p remain nite as r ! ri means that dW=dr = −Vr ! 0.
Applying this boundary condition to equation (3-10) then requires that 3 = 0, equivalent
to  = 1
2
exp(21), and therefore
2 − arctan[exp(−21)] = (n+ 1=2) : (3-14)
This is the rst fundamental (implicit) WKB eigenfrequency relation.
3.2. Local Approximation
Since the lowest g{modes (which have the highest frequencies) are concentrated in the
neighborhood of r = rm, where the epicyclic frequency  achieves its maximum value m, it
is reasonable to look for an approximate analytic solution W (r) to the reformulated radial
equation (3-3) via a local approximation of the function 2(r). Therefore we employ the
truncated expansion




ignoring the less critical radial dependence of  = 2(Ψ=!2 − 1) and ! =  +mΩ(r).
If we also employ a dimensionless radial distance x and dimensionless eigenvalue 
dened by x4 = 22(r − rm)
4 and  = (1=2=2)(2m − !
2), equation (3-3) then assumes
the form of the quantum harmonic oscillator equation d2W=dx2 + ( − x2)W = 0. Its
eigenfunctions which decay to zero far from rm and the corresponding eigenvalues are given
by the well-known expressions
Wn / Hn(x) exp(−
1
2
x2) ;  = 2n + 1 (n = 0; 1; 2; : : :) ; (3-16)
where Hn are the Hermite polynomials. They may be constructed from the expression
Hn = (−1)n exp(x2)[dn exp(−x2)=dxn]. We shall later show that these eigenvalues n are
the same as those obtained in this local limit from the general expressions of the previous
section, so we have used the same index n.
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−1=2(2n + 1), have been found to agree with exact numerical results for
the radial (m = 0) g{modes (Perez 1993) to a reasonable accuracy. This comparison with
numerical results will be treated in detail in a subsequent paper in this series. Noting
that the local approximation also requires that ! = m gives the alternate expression
m − !n = (2=m)−1=2(n+ 1=2).
To obtain a rough estimate of the magnitude of the frequency splitting, take
ΨΩ2? − !
2  Ω2?  Ω
2 for the lowest modes, dene r by 22 = −
1
2
(d 22=dr2)m  2m=r
2,
and use cs  hΩ in the expression (2-29) for 2 in . We then nd that
m − !n  (n+ 1=2)m(h=r) : (3-17)
Thus the lowest modes of thin disks indeed have eigenfrequencies very close to m. On
the upper plot in Figure 2 we have exhibited the dependence of this key frequency on the
black hole angular momentum parameter. (As with all orbital frequencies, it is inversely
proportional to the mass of the black hole.)
One should recall, however, that the frequencies measured by an inertial observer far
from the disk are
 = !(rm)−mΩ(rm) = m −mΩm : (3-18)
(The subscript m, denoting the value at the radius where  reaches its maximum value,
is not to be confused with the axial index m = 0;1;2; : : :.) Thus the upper plot in
Figure 2 also represents this approximation of (m = 0; a)=(m = 0; 0). On the lower plot
in Figure 2 we have exhibited the dependence of the function Ωm=m, which determines the
relative frequencies (m 6= 0; a)=(m = 0; a) from equation (3-18).
3.3. Vertical WKB Solutions
We next attempt to obtain, in a way similar to that employed in Section 3.1 for the
radial separated equation, solutions to the vertical separated equation. It has the form
@2V=@
2 + a1(; r)@V=@ + a2(; r)V = 0 ; (3-19)
with the expressions for the coecients given in equation (2-28). Here we shall also employ
a WKB approximation, which in this case will be valid if
j@ lnV=@j  j@ ln a2=@j  j@ ln a1=@j  1=(0 − ) :
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This condition is not as easily satised as in the radial case, since the properties of the
unperturbed disk (in a1 and a2) vary much more rapidly in the vertical direction. However,
we may take the separation function Ψ (in a2) to formally be the required large WKB





















where I = 0 (or 1) for V an even (or odd) function of .
In our previous analysis of the behavior of the equilibrium properties of the disk near
its boundary, we isolated the dominant terms, which produce the following asymptotic
behavior of the coecients in equation (3-19):
a1  −1=[(Γ− 1)(0 − )] ; a2  !
2
=[0(Γ− 1)(0 − )]
as  !0. Integrating these functions then gives us the form of the WKB solution (3-20)
near the boundary:





1=2 −0 + I=2
i
; (3-21)





Next, we obtain the behavior of the exact solution of equation (3-19) near the boundary
( ! 0), using the above limiting expressions for a1() and a2(). The nonsingular solution
to the limiting equation is then found to be





involving a Bessel function of the rst kind. Now if (0 − ) 1=q2, it assumes the same
form as the limiting WKB solution (3-21), but with a specic phase shift (3−Γ)=[4(Γ−1)].




















where j is an integer. We note that with 0 positive, j > −(3− Γ)=[4(Γ− 1)] for the even
eigenfunctions (I = 0) and j > −(1 + Γ)=[4(Γ − 1)] for the odd eigenfunctions (I = 1).
Note that all the results in this section hold for any axial mode number m, which
appears in the representation of the corotating frequency !(r) =  +mΩ(r).
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4. EIGENVALUES AND EIGENFREQUENCIES
In our WKB approximation, the vertical eigenvalues Ψj(r; !2) of the separation
function Ψ and the eigenfrequencies ! = !nj are obtained as roots of the radial and


























d = (j + Γ) ; (4-2)







(odd modes) : (4-3)
We have also introduced the quantity

















Note that 2(r) = 2grrc=(Γpc). Recall the restriction (3-1) on the separation function Ψj
and the restriction (3-2) on the eigenfrequencies !nj .







2 − !2)]1=2dr  (n+ 1) : (4-5)
Since for any given value of j, Ψj(r; !) is bounded everywhere in the (nite) interval
r1  r  r2, as are all the other quantities in the above integrand, the rst inequality
shows that n has a nite maximum value. Thus for any given value of j, there exist only a
nite number of eigenfrequencies !nj . On the other hand, equation (4-2) then shows that
Ψj ! 1 for j ! 1. Therefore, for any given value of n  0, the second inequality in
equation (4-5) implies that !nj ! m from below (and r2 − r1 ! 0) as j !1.
Using the fact that the left hand side of equation (4-1) is a continuous function of !, it
follows that for a given value of n this equation has at least one root !nj for any suciently
large value of j. We can therefore summarize the above results as follows.
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The spectrum of eigenfrequencies !nj satisfying the limits (3-1) and (3-2) is discrete,
with the only condensation point m. For any given integer j satisfying j + Γ > 0, the
number of eigenfrequencies is nite, with n = n(j)min; n
(j)
min + 1; : : : ; n
(j)
max. For any given value
of n  0, there is a sequence of eigenfrequencies which satises
lim
j!1
!nj = m : (4-6)
Typically, there will be monotonicity in n and j; that is, !n+1;j < !n;j and !n;j+1 > !n;j.
4.1. Local Approximation
For eigenfrequencies close to m, with (r) approximated by equation (3-15), both
terms on the left hand side of equation (4-1) become small as r1; r2 ! rm, but the second
one is exponentially small and thus may be neglected. After some algebra, this equation
then provides the approximate expression













This expression is consistent with the previous quantization (3-16) of the eigenvalue n
obtained from a more specic analysis of the local approximation, as can be seen from the
denition of  in that section.
Using this expression and the fact that Ψj / j2 for large j from equation (4-2), we see
that m − !nj / (n + 1=2)=j for j !1.
4.2. Small Eigenfrequencies (for m = 0)
Let us investigate the low frequency regime, in which r1 ! ri and r2 !1, which is in




2 − !2)]1=2dr = !−1
Z 1
ri
Ψ1=2(r; !)Ω?dr  (!)=! (4-8)
if m = 0 (so that !(r) =  = constant). The second term in equation (4-1) becomes −=4,




 m (m = 0) : (4-9)
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However, this limiting behavior can only exist if the buoyancy frequency Nz is also small,
since it provides a lower limit to ! as indicated in equation (3-2). In addition, it is seen
that j  Ψ
1=2
j [rm=h(rm)]Ω(rm), so this limiting behavior of !nj can be reached only for
very large values of n.
4.3. Neutrally Buoyant Disks
The vertical eigenfunction equation (2-28) and eigenvalue equation (4-2) simplify
greatly if the buoyancy frequency Nz (/ @A=@) vanishes. Equation (2-14) shows that
this will occur if the specic entropy s is only a function of density, giving the barotropic
equation of state p = p(; s) = p(). In practice, this can usually only be achieved by the
entropy being constant (in the z direction), such as within convective zones of stars.
The relation between pressure and density in the equilibrium (unperturbed) disk is
determined by the equation of state, the radiative and turbulent advective transport of
energy, and the viscous energy generation rate. The last two poorly known functions are
critical in establishing the vertical gradient of the specic entropy s. However, as shown
by Nowak & Wagoner (1995), with the maximum optical depths of accretion disks much
less than within stars, advection can never dominate the transfer of energy. Therefore, the
vertical gradient of the entropy cannot vanish. We also do not expect that s = s(), so the
buoyancy frequency should be nonzero.
Nevertheless, we shall now assume that the buoyancy frequency vanishes, in order to
obtain relatively simple results that can be used as a guide to the nature of the eigenvalues
Ψj and eigenfrequencies !nj . In the next section, we relax this assumption to small
buoyancy frequencies.
When @A=@ = 0, equation (2-14) gives p(r; z) = Fp(r)Γ. From vertical hydrostatic














(We note that the corresponding expression for 20 in NW3 lacks the factor of 2.) With









where E(k) is the complete elliptic integral of the second kind. Employing the local
approximation, equations (4-7) and (4-11) allow the determination of Ψj and !nj for large
eigenfrequencies.
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A graphical solution is presented in Figure 3, obtained in the following manner.
Substituting equation (4-7) for !nj into the expression for knj in equation (4-11) gives the
function knj = f1(Ψj;n;N1; N2), where the dimensionless parameters N1(a) = m=Ω?  1
and N2(cs(rm; 0)=c; a) = 2Ω
−2
? 
−1  h=r. Then equation (4-11) can be written in the
form
(j + Γ)
−2Ψj = f2(Ψj;n;Γ; N1; N2) : (4-12)
Therefore, in Figure 3 we have plotted [for a specic choice of a, Γ, and cs(rm; 0)] each
side of equation (4-12) versus Ψj, for various values of j (left side) and n (right side).
From their intersections we obtain the eigenvalues Ψj. Then from equation (4-7) we
obtain the eigenfrequencies !nj . In Table 1 we present the eigenvalues and corresponding
eigenfrequencies for the two lowest values of n and j for which there are solutions (now for
three choices of a) for both odd and even vertical eigenfunctions.
a n j m !nj Ψj
0.000 0 0 (even) 0.0220971 0.0220844 2.25706
" 1 0 (even) " 0.0220591 2.25766
" 0 1 (even) " 0.0220906 7.94869
" 0 -1 (odd) " 0.0220689 0.65702
" 1 -1 (odd) " 0.0220128 0.65826
" 0 0 (odd) " 0.0220886 4.68771
0.500 0 0 (even) 0.0330928 0.0330688 2.23720
" 1 0 (even) " 0.0330208 2.23801
" 0 1 (even) " 0.0330807 7.92426
" 0 -1 (odd) " 0.0330374 0.63850
" 1 -1 (odd) " 0.0329268 0.64028
" 0 0 (odd) " 0.0330768 4.66536
0.998 0 0 (even) 0.0760763 0.0759446 2.20947
" 1 0 (even) " 0.0756815 2.21156
" 0 1 (even) " 0.0760102 7.88988
" 0 -1 (odd) " 0.0757521 0.61231
" 1 -1 (odd) " 0.0751115 0.61742
" 0 0 (odd) " 0.0759888 4.63401
Table 1: Eigenfrequencies of the lowest g{modes, using the local approximation in neutrally
buoyant disks. Recall that all frequencies are expressed in units of c3=GM .
The expression (4-11) provides the following bounds on the eigenvalue, sinceE(0) = =2
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and E(1) = 1:
2(Γ− 1)(j + Γ)
2  Ψj 
1
2
2(Γ− 1)(j + Γ)
2 : (4-13)
E(k) is also monotonic between 0 and 1, so the graphical solution shows that for any
allowed value of j there is exactly one eigenvalue Ψj. For large enough values of j, it is close
to its upper bound: Ψj 
1
2
2(Γ− 1)(j + Γ)2 +O(1).
In the low-frequency limit (!nj  m), equation (4-11) gives Ψj = [(Γ−1)=2]2(j+Γ)2,













Recall that this result is only valid if m = 0.
4.4. Nearly Neutrally Buoyant Disks
We now consider the case of buoyancy frequencies Nz which are nite, but still much
smaller than the characteristic frequency Ω. Equation (4-10) then is modied to the form
p = pc(r)(1− 
2=20)
1=[1− f()] ; (4-15)
where f(0) = 0 and jf()j  1. The vertical eigenvalue equation (4-2) takes a particularly
simple form if we choose f() = 1
2
f0
2, with f0 a constant:
Ψj =

















with K(k) the complete elliptic integral of the rst kind. Note that this result represents
the rst-order correction to that of the neutrally-buoyant disk for any slowly-varying (even)
function f().
5. CONCLUSIONS
The most observable g{modes will be those with the lowest values of the radial index
n, since the radial compressions and rarefactions of the disk gas density and temperature
will tend to produce the greatest modulations of the total luminosity . The luminosity
modulations of modes with large values of the vertical index j should be less suppressed.
These low n (high-frequency) modes are also those for which the local approximation
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is most valid. Therefore we can use equation (3-16) to estimate that the radial width





cs(rm; 0) : (5-1)
Recall that r is an eective width of the radial epicyclic frequency function (r), dened
in Section 3.2. We nd that r=rm varies from 0.408 for a = 0:0 (rm = 8:00) to 0.663 for
a = 0:998 (rm = 2:46).
We can also use equations (2-25) and (2-26) to obtain the following estimates
of the relative magnitudes of the components of the fluid diplacement vector ~, in a
local orthonormal basis, in terms of the scalar potentials V = VrV = p=(!) and
























We also note that there are n radial nodes (corresponding to !nj) in W (r), j + 1 vertical
nodes (corresponding to Ψj) in even V(; r) for 11=9 < Γ  7=5 and in odd V(; r) for
9=7 < Γ  5=3, and j vertical nodes in even V(; r) for 7=5 < Γ  3 and in odd V(; r) for
5=3 < Γ  1. Only vertical nodes in the interval 0 <  < 0 have been counted. Since the
pressure perturbation p / VrV / (dW=dr)V , it will instead have n+ 1 radial nodes.
The accretion disk model chosen for Figure 3 and Table 1 is radiation-dominated in
the region where the mode is trapped, corresponding to Γ = 4=3. There are thus j + 1
vertical nodes in both even and odd vertical eigenfunctions. From the results in Table 1,
we therefore see that the lowest even and odd temperature perturbations T / p have one
radial node. On the other hand, T has one vertical node for the lowest even mode and no
vertical node for the lowest odd mode. (Recall that the total number of vertical nodes will
be twice as many for the even modes and one plus twice as many for the odd modes.)
The corotating eigenfrequencies !nj of the low n modes lie just below the maximum
radial epicyclic frequency m. Using equations (4-7) and (4-11), the denition r  m=2,
and the approximation ΨjΩ2?=!
2
nj  1 (which is seen to be reasonably valid from Table 1),















For the accretion disk model chosen for Figure 3 and Table 1, corresponding to a typical disk
luminosity, we see from Table 1 that the corotating frequencies !nj of the lowest modes are
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indeed very close to the maximum g{mode frequency m. This small splitting corresponds
to a very thin disk [ h(rm)=rm = 6:6 10−4 for a = 0 ], as indicated in equation (5-3).
Therefore the low-n g{mode inertial frequencies f = =2 (now in usual units) are
essentially a function of only the mass and angular momentum of the black hole, but depend
upon the axial index m via equation (3-18). For instance, we obtain
f(m = 0) = (c3=GM)m=2 = (64
p
2)−1(c3=GM)F (a) = 714(M=M)F (a) Hz ; (5-4)
where F (0) = 1 and F (a) is the upper plot of Figure 2. It is seen that F (amax) = 3:4,
if amax = 0:998. In order to determine both M and a, one needs to observe another
eigenfrequency with a dierent dependence on a.
For instance, in principle one could determine a via the frequency ratio
f(m 6= 0)=f(m = 0) = 1−mΩm=m (5-5)
[from equation (3-18)], whose a dependence is shown in the lower plot of Figure 2.
Unfortunately, these ratios are close to their a = 0 values (1− 2m) unless a is fairly close to
unity. And of course, any m 6= 0 mode will not be observable if the disk is viewed face-on,
and in general should produce less luminosity modulation (via Doppler boosting, etc.) than
the m = 0 mode.
In future papers, we will extend this relativistic analysis in at least three directions:
(a) We will investigate the characteristics of the other classes of modes, extending
previous analyses of acoustic and corrugation modes. The dependence of the eigenfrequencies
on the angular momentum parameter a is especially important, as indicated above. For
example, the observation of three eigenfrequencies which have signicantly dierent
dependences on a would allow one to test the validity of the Kerr metric.
(b) Numerical solutions for the eigenfunctions and eigenvalues will be obtained, in a
manner similar to that employed in the pseudo-Newtonian analyses of NW1,2,3. Initially,
the radial{WKB separated equations (2-27) and (2-28) will be employed.
(c) The assumption of thin disks will be relaxed. This will introduce many
complications; such as noncircular flow, a more complicated metric, and the probable need
for a fully two-dimensional integration of the Ipser{Lindblom master perturbation equation.
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Fig. 1.| The dependence of the fundamental free-particle frequencies on radius, for values




































Fig. 2.| Upper plot: Dependence of the maximum g{mode eigenfrequency (m = 0) = m
on the angular momentum parameter a, normalized to unity at a = 0. Lower plot:
Dependence of Ωm=m, which determines (linearly) the ratios (m 6= 0)=(m = 0) of the




















Fig. 3.| Graphical determination of the lowest eigenvalues Ψj, assuming the local
approximation for a neutrally buoyant disk. The accretion disk model is specied by a = 0:5,
Γ = 4=3, and cs(rm; 0) = 5:99  10−4c (corresponding to a luminosity L = 0:01LEdd for a
radiation-dominated disk). The heavy curve is the right-hand-side of equation (4-12) for
n = 0; 1; 2 and the straight lines are the left-hand-side of equation (4-12).
